Bounded-input bounded-output stability issues for fractional-order linear time invariant (LTI) system with double noncommensurate orders for the matrix case have been established in this paper. Sufficient and necessary condition of stability is given, and a simple algorithm to test the stability for this kind of fractional-order systems is presented. Based on the numerical inverse Laplace transform technique, time-domain responses for fractional-order system with double noncommensurate orders are shown in numerical examples to illustrate the proposed results.
Introduction
Fractional calculus [25, 23, 28, 14] having 300 plus years' history, generalizes the traditional (integer-order) calculus in which the order of derivatives and integrals can be an arbitrary number, e.g., real or even complex order. The last few decades have witnessed considerable progress in the c 2011 Diogenes Co., Sofia pp. 436-453 , DOI: 10.2478/s13540-011-0027-3 study of real physical systems dynamical described by fractional-order calculus equations [11] , it is found that fractional calculus is an adequate tool for the study of so called "anomalous" social and physical behaviors, in reflecting the non-local, frequency-and history-dependent properties of these phenomena [7, 20] . For more knowledge of theory and applications on fractional calculus, please refer to [4, 2, 12, 15, 30, 31] .
Fractional calculus has been extensively applied to control theory and applications [16, 8, 29] , the latest monograph [24] gives dedicated knowledge about fractional-order systems and control. Generally, dynamical systems involving fractional-order derivatives show more complicated dynamics than the conventional systems. Some important issues of fractionalorder systems, such as modeling, stability, controllability, observability were considered in [21, 22] ; P I λ D μ controller, a generalization of P ID controller was proposed in [27] ; CRONE Control [26] was the first robust control method based on fractional differentiation for linear systems; robust stability of interval uncertain fractional-order linear time invariant systems was investigated in [9, 3, 18, 19] . A numerical algorithm for stability testing of fractional-order delay systems is presented in [13] , the method of stability switches for time-delay systems is extended to fractional-delay system in [5, 6] . Based on Cauchy's theorem, a graphical test to evaluate the stability of fractional-order systems with noncommensurate orders is given in [32] , and the fractional-order systems are discussed in frequency domain, however, this method is not very helpful because of the complicated procedures. Therefore motivated by the previous references, this paper addresses the bounded-input bounded-output (BIBO) stability for fractional-order systems with double noncommensurate orders for the matrix case.
The rest of this paper is organized as follows. Some preliminaries for discussing fractional-order systems with noncommensurate orders are given in Sec. 2, which includes definitions of fractional-order calculus operators, and Laplace transforms of fractional-order calculus operators are reviewed. In Sec. 3, main results on bounded-input and bounded-output stability for fractional-order systems with double noncommensurate orders are presented in detail, a simple BIBO stability test method for this kind of fractional-order system is given. In Sec. 4, based on the numerical inverse Laplace transform technique, numerical examples are included to illustrate the main results. Conclusions are given in Sec. 5.
Preliminaries
In order to utilize fractional calculus for the discussion in this paper, the fundamental knowledge of fractional calculus is firstly recalled [28] . The unified formula of fractional-order integral is defined as follows:
where α > 0, f (t) is an arbitrary integrable function, Γ(·) denotes the Gamma function. It can be known that the fractional-order integral can be expressed as a convolution of the form
with the kernel of the convolution φ α (t) =
, and t
Based on the fractional-order integral definition, two well-known fractional-order derivative operator definitions with n − 1 < α < n, n ∈ N are presented as follows:
• Riemann-Liouville fractional-order derivative:
• Caputo fractional-order derivative:
Note that the Laplace transform is a fundamental tool in systems and control engineering, so Laplace transforms for the fractional-order calculus operators defined above are given as follows:
Laplace transform for fractional-order integral:
Laplace transform for Riemann-Liouville fractional-order derivative:
Laplace transform for Caputo fractional-order derivative:
Main results
In this section, BIBO stability in the context of fractional-order systems with double noncommensurate orders for matrix case is discussed.
For fractional-order systems with double noncommensurate orders described by
where the fractional orders 0 < β 1 < β 2 ≤ 1 are noncommensurate orders, which means β 1 and β 2 do not have common divisor, D α denotes the Caputo fractional-order derivative operator. Taking the Laplace transform, under the assumption of zero initial conditions, and let u(t) = δ(t), we have
The above equation (3.2) implies that
Then the inverse Laplace transform of (3.3) is
it can be known from [24] that the analytical solution for x(t) is
where E (n) α,β (x) denotes the Mittag-Leffler function with three parameters defined as
Based on (3.3), the transfer function of fractional-order system (3.1) is
Remark 3.1. Fractional-order system (3.1) can always be converted to a fractional-order system with commensurate order if both β 1 and β 2 are rational numbers [24] . When β 1 and β 2 are noncommensurate numbers, they do not have common divisor. A graphical test to evaluate the stability of fractional-order systems with noncommensurate orders are given in [32] , and the system considered is described by transfer function in frequency domain, however, this method is not very helpful because of the complicated procedures. In current paper, sufficient and necessary condition for fractional-order system with double noncommensurate orders for the matrix case is proposed.
First, we have the following parallel definition for fractional-order system (3.1).
, where * stands for the convolution product and L ∞ (R + ) stands for the Lebesgue space of measurable function h(t) such that ess sup
Based on Definition 3.1, we have the following result. Let s = re iθ (r ≥ 0), then we have the following equation: It is not easy to calculate the zeros of Δ(s) when β 1 and β 2 do not have common divisor, so we have the following theorem to test the BIBO stability of fractional-order system with double noncommensurate orders. What is more, we have
Theorem 3.2. Fractional-order system (3.1) is BIBO stable if and only if the following condition is satisfied:
Then, it can be known from Argument Principle that
So the fractional-order system with transcendental characteristic equation Δ(s) = 0 is BIBO stable if and only if the following equation holds
The above criterion (3.8) is not convenient in stability testing, so let Δ(iω) = R(ω) + iI(ω), then we have iΔ (iω) = R (ω) + iI (ω), and
Now we will give the following equivalent condition of criterion (3.8)
thus, the criterion (3.8) is converted to a simple integral issue. 2 Remark 3.3. Based on (3.7), the BIBO stability can be guaranteed by the following condition:
for some sufficient large number T > 0.
Remark 3.4. Fractional-order systems (3.1) is called fractional-order systems with double commensurate orders if β 1 and β 2 have common divisor. Let β 1 = mβ, β 2 = nβ with m, n ∈ N , 0 < β < 1, the stability issue in this case can be easily solved by resetting the pseudo-states
T , for simplicity, the case of β 2 = 2β 1 is given in the following theorem.
Theorem 3.3. Fractional-order system with double commensurate orders described by
is BIBO stable if and only if one of the following is satisfied: For (ii), let
where
The stability of fractional-order system (3.12) is discussed in [21] , which can be concluded as (ii). 2 Remark 3.5. When β 1 = β 2 = β ∈ (0, 1), fractional-order system (3.1) will become
If |I + A 1 | = 0, fractional-order system (3.1) will become fractional-order singular system; if |I + A 1 | = 0, fractional-order system (3.1) will become the following system
The stability criterion for fractional-order system in this case, one can refer to [24] . Remark 3.6. When β 1 = 0, β 2 ∈ (0, 1), fractional-order system (3.1) will become the following system
The stability criterion for fractional-order system in this case, one can also refer to [24] .
Numerical examples
In this section, numerical examples is shown to demonstrate the effectiveness of the proposed results.
Example 1. Consider a fractional-order system with double noncommensurate orders described by (3.1) with parameters as β 1 = √ 2 − 1,
and D = 0. We can use (3.9) and (3.10) to verify the stability, for Δ(s) = s 2β 2 + 4s β 2 +β 1 + 4s 2β 1 − 2s β 2 + 5 = 0, we have the following equation
Using MATLAB to calculate (3.9) and (3.10) numerically, the integral values for T = 10000, 10000000, ∞ are 2.2078, 2.2884, 2.2996 respectively, all belong to interval
, which means that it can be known from Theorem 3.2 that the fractional-order system is stable.
We can also use (3.5) to derive the stability of this fractional-order system, for (3.5), we have the following nonlinear equations:
(4.14)
Based on MATLAB, we can use graphical method to solve (4.14), the intersection points are shown in Fig. 2 , which satisfy |θ| > π/2. It can be also known from Theorem 3.1 that this fractional-order system is stable, based on the numerical inverse Laplace transform technique [17] , the states of impulse response for this fractional-order system with null initiations are shown in the following Fig. 3 and Fig. 4 . Example 2. Consider a fractional-order system with double noncommensurate orders described by (3.1) with parameters as β 1 = √ 2 − 1, Figure 2 . The graphical method for solving nonlinear equations (4.14)
We can use (3.9) and (3.10) to verify the stability, for Δ(s) = s 2β 2 +6s β 2 +β 1 + 9s 2β 1 − 4s β 2 − 10s β 1 + 5 = 0, we have the following equation
Using MATLAB to calculate (3.9) and (3.10) numerically, the integral values for T = 1000, 1000000, ∞ are -4.2135, -4.0178, -3.9835 respectively, all less than
, which means that it can be known from Theorem 3.2 that this fractional-order system is unstable. We can also use (3.5) to derive the stability of this fractional-order system, for (3. Similarly, use graphical method to solve (4.15), the intersection points are shown in Fig. 5 , which satisfy |θ| < π/2. It can be known from Theorem 3.1 that this fractional-order system is not stable, based on the numerical inverse Laplace transform technique, the states of impulse response for this fractional-order system with null initiations are shown in the following Fig.  6 and Fig. 7 .
Conclusions
In this paper, BIBO stability issues for fractional-order systems with double noncommensurate orders for the matrix case have been established. Sufficient and necessary conditions of stability are given, based on the Argument principle, a simple algorithm to test the stability is given. On the base of the numerical inverse Laplace transform technique, time-domain responses for fractional-order system with double noncommensurate orders are shown to illustrate the proposed stability results. 
